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INDECOMPOSABLE COHEN-MACAULAY MODULES 
AND THEIR MULTIPLICITIES 

DORIN POPESCU 

ABSTRACT. The main aim of this paper is to find a large class of rings for which 
there are indecomposable maximal Cohen-Macaulay modules of arbitrary high 
multiplicity (or rank in the case of domains). 

1. INTRODUCTION 

Let (A, m) be a (commutative) henselian Cohen-Macaulay local ring and 
let CM(A) be the category of maximal Cohen-Macaulay A-modules (shortly 
MCM A-modules), i.e. of finitely generated modules M with depth M = 
dim A . For sEN let n A (s) be the cardinal of isomorphism classes of indecom-
posable modules M from CM(A) whose multiplicity eA(M) = e(m, M) = s. 
Take nA = LSEN nA(s). 
( 1.1 ) First Brauer-Thrall type conjecture. If n A = 00, then n A (s) ¥- 0 for 
infinitely many s, 

When dim A = 0 then e A (M) = length A (M) and (1.1) holds by A. V. Roi-
ter's theorem [R, Au l ] or [P, (7.7)]. Using the Auslander-Reiten theory for 
MCM modules (see [Au3, P, AR l , Ya or Y, Appendix)) Y. Yoshino succeeded 
in solving positively (1.1) for reduced analytic algebras A over a perfect valued 
field k which are isolated singularities. Our Theorem (5.4) gives in particular 
the following 

(1.2) Theorem. Let (A, m) be a reduced excellent henselian local eM-ring, 
k := A/m, p := char k. Suppose that 

(i) [k: e] < 00 if p > 0, 
(ii) A is an isolated singularity, 

(iii) A/pA is an isolated singularity. 
Then (1.1) holds. 

Note that (iii) follows from (ii) when A contains a field (i.e. the equal char-
acteristic case). When A is a domain, eA(M) = e(A)· rank(M) by [M2' (14.8)] 
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so in the hypothesis of Theorem (1.2) there are indecomposable MCM-modules 
of arbitrary high rank if n A = 00. The proof follows [Y] entirely, our contri-
bution being mainly to extend his Lemmas (2.10) and (2.12) in the following 
form (see (4.8)): 

(1.3) Theorem. Let (A, m) be a reduced excellent henselian local CM-ring, 
k := A/m, p := char k and Is(A) the ideal defining the singular locus of A, i.e. 
Is(A) = nqi,tRegA q. Suppose that 

(i) [k: e] < 00 if p > 0, 
(ii) if pA -I- 0 then Aq/pAq is regular for every q E RegA containing pA, 

(iii) Is(A) <;; m, i.e. A is not regular. 
Then there exists a positive integer r such that 

(1) an MCM A-module M is indecomposable iff M/Is(A)rM is indecom-
posable, 

(2) two indecomposable MCM A-modules M, N are isomorphic iff 
M/ Is(A)r M and N/ I/A)r N are isomorphic. 

In particular this theorem gives large classes of isolated singularities for which 
there exist Dieterich [D] reduction ideals. 

In the hypothesis of (1.3) we get nA :.:::; n; (see (4.10)) where A is the com-
pletion of A. In particular we can improve the result from [K] and [BGS] for 
excellent henselian local rings (see (4.11)). Though (4.11) can also be obtained 
using the property of Artin approximation of excellent henselian local rings (see 
[Po, (1.3)] as we indicate in (5.6), we choose here an easier method (see §§3-4) 
which is entirely self-contained and proves to be more powerful for these ques-
tions. Our §2 contains just preliminaries arranged more or less after [Y] which 
we include here for completeness. 

We would like to thank A. Brezuleanu and N. Radu for many helpful con-
versations about Theorem (4.4). 

2. THE SINGULAR LOCUS OF AN EXCELLENT LOCAL RING 

Let A be an excellent ring. Then RegA = {q E SpecAIAq is regular} is an 
open set and Is (A) = nqi,tReg A q defines the singular locus of A, i.e. V (Is (A)) = 
SpecA\RegA. 

(2.1) Lemma. Let u: A -> B be a flat morphism of excellent rings . . Then 
Is(B) c Ju(I/A))B. 
Proof. If q E RegB then q n A E RegA by [Ml' (21.D)]. Thus a prime ideal 
from B containing u(Is(A)) must also contain Is(B). 0 

(2.2) It will also be useful to express Is(A) as the radical of a certain ideal of 
A whose elements can be precisely described. This is already well known for 
rings A which are essentially of finite type over a perfect field k because in 
that case the Jacobian criterion for smoothness [M" (29.C)] applies and we have 
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Is(A) = HA/ k . In general, given a finite presentation A-algebra B = A[X)/a, 
X = (Xl' ... , Xn) , the nonsmooth locus of B over A is defined by the ideal 

HB/A = 2: L\f( (f): a)B, 
f 

where the sum is taken over all systems f of r-polynomials from a, and L\ r is 
the ideal generated by all r x r-minors of () f / () Y , r = 1 , ... , n , being variable 
(see [Po, (2.1))). Using [V, §2) we will present such a description of Is(A) when 
A is a Noetherian complete local ring having some additional properties. 

(2.3) Till the end of this section (R, m) is a reduced Noetherian complete 
local ring with a perfect residue field k. Then either R contains k or R is an 
algebra over a Cohen ring of residue field k , i.e. a complete DVR (T, t) which 
is an unramified extension of Z(P) , P := char k > 0, t:= p . 1 E T. When R 
contains k we put T:= k and t = 0 in order to unify both situations. 

Let 9l (T ,R) be the set of all prime ideals q ~ R for which T -.. Rq is a 
regular morphism. Clearly 9l(T, R) ~ RegR because T is regular and regular 
morphisms preserve this property [Ml' (33.B)). When R contains k the other 
inclusion also holds, k being perfect. When R is in the unequal characteristic 
case (pR -I- 0) then we suppose that 

Rq/pRqis regular for every q E RegR. 

Thus in both situations we have 9l(T, R) = RegR. 

(2.4) Let x = (Xl' ... ,xn ) be a system of elements from R such that (t, x) 
forms a system of parameters in R. Then the canonical map T[[X)) -.. R, 
X = (Xl' '" , Xn) -.. x , is finite by Cohen Structure Theorems. 

(2.5) Lemma (Scheja-Storch [S, (4.2)]). There exists x as above such that 
ht(HR/T[[xll) 2: 1, i.e. for every minimal prime ideal q ~ R the fraction field 
extension Fr(T[[x))) "---+ Rq is (finite) separable. 
Proof. When T -I- k there is nothing to show because char T = O. Suppose 
T = k. Let ql"'" qs be the minimal prime ideals of R and take an ar-
bitrary system of parameters y = (y 1 ' .,. , y n) of R. If the field extensions 
a i : k((y)) -.. R q,' 1 S; i S; s, are all separable then ht(HR/k[[yll) 2: 1 by the 
Jacobian criterion for smoothness [Ml' (29.C)). Suppose that the (a)l<i<e are 
not separable for a certain e, 1 S; e S; s. Then p > 0 and for every i, 
1 S; i S; e, there exists an element Zi E Rq,\k((y)) such that zf E k((y)). 
Since a i is finite we have 

s 

k((y)) ®k[[Yll R ::= IT R q, . 
i=l 

Thus we can find one z E Rand W E k[[y)) , W -I- 0, such that z /w 
corresponds to (z 1 ' ••• , Z e' y n ' ... , y n) by the above isomorphism. Then 
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h := zP E k[[y]] and z tf. k[[y]]. Adding a constant to z we can suppose that 
hE (y)k[[y]]. If hE k[[yp]] then hE e[[yp]] (k is perfect) and so z E k[[y]] 
which is not possible. 

Suppose that h tf. k[[y I ' ... , y n-l ' y~]]. After a coordinate transformation 
we can suppose also that h is regular in y n' Applying the Weierstrass Prepa-
ration Theorem for U - h in k[[y, U]] we find a distinguished polynomial 

( 1) 

and an invertible formal power series g E k[[y, U]] such that 

(2) U - h = Pg. 

Substituting U = h In P we get 

(3) 
i=l 

because g( U = h) f::. 0 since g(O) f::. 0 and h(O) = O. Applying 8/8Yn in (2) 
we obtain 

(8P/ 8Yn)g + P(8g/8Yn) = -8h/8Yn f::. 0 
and substituting U = h we get (8P/8Yn)(U = h) f::. O. Thus (3) defines 
a separable equation for Yn over k[[Yl' ... 'Yn-l' zp]]. In particular Yn is 
separable over S:= k[[Yl' ... 'Yn-l ' z]]. Denote y' = (Yl' ... 'Yn-l' z). We 
have 

[R q : k((y'))l;ns = [Rq : k((Y))l;ns - p 
I I 

for every i = 1 , ... , e , where []ins denotes the inseparable degree. Repeating 
this procedure inductively we finally find a system of parameters x in R such 
that k((x)) ~ Rq is separable for every i. 0 

I 

(2.6) Remark. If k is not perfect then the above lemma does not hold. If 
a E k\e then A = k[[X, Y]]/(XP +aYP ) (after [Y, (2.7)] is a counterexample. 

From now on we suppose that R is a eM-ring. Then the canonical map 
T[[X]] ----t R, X ----t X is flat (so free) by [M" (36.B)]. 

(2.7) Lemma. Let q E Reg R. Then there exists a system of elements x in R 
such that 

(i) (t, x) is a system of parameters in R, 
(ii) HR1T[[Xll ct q. 

Proof. If t = 0 then we choose a system of elements y in R which forms a 
regular system of parameters in R q . If t E q then by condition (2.3)(*) we get 
Rq/tRq regular. Thus there exists y such that (t, y) forms a regular system 
of parameters in R q . By Lemma (2.5) there exists a system of elements z in 
R which forms a system of parameters z in R/ a, a = y'(t;Y) such that the 
map (T /T n a)[[z]] ----t R/a is generically smooth. Since q is a minimal prime 
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ideal containing a we get (TIT n q)[[t]] ----+ Rlq separable and so the map 
T[[y, z]] ----+ Rq is etale. Thus x = (y, z) works. 

Suppose now t rf- q. Then as above we can choose y in R which forms a 
regular system of parameters in Rq • Take a system of elements z in R such 
that (t, z) forms modulo q a system of parameters in Rlq. Then (t, y, z) 
forms a system of parameters in Rand T[[y, z]] ----+ Rq is etale (char Rlq = 
0) . Thus x = (y, z) works. 

(2.8) Corollary. Is(R) = VLx HR/T[[x]] , where the sum is taken over all sys-
tems of elements x such that (t, x) forms a system of parameters of R. 
Proof. If q E Spec R does not contain HR/T[[x]] for a certain system x then the 
map T[[x]] ----+ Rq is etale and so Rq is regular because T[[x]] is so. Conversely 
if q E RegR then by Lemma (2.7) there exists x such that q 1; HR/T[[x]]. 0 

(2.9) Let S ~ R be a regular local subring such that R is a finitely generated 
free S-module, Re = R Os R is the enveloping algebra of Rover Sand 
J1: Re ----+ R is the multiplication map. Denote 1:= Ker J1. The ideal filsR = 
J1(AnnR" I) is called the Noether different of Rover S. 

(2.10) Lemma. filsR. 0R/S = 0 and HR/S = V filsR . 

Proof. The first equality is trivial because 0R/S = 1112 . Let q ~ R be a prime 

ideal. If q 1; ./f;~R then OR / S = ° R/ s OR Rq = 0 as above. Since S ~ R is 
q 

finite free we get S ----+ Rq etale, i.e. q 1; H R/S. Conversely if q 1; HR/S then 
S ----+ Rq is etale and so 0R/S OR Rq = O. Thus IQ = I~ for a certain prime 
ideal Q ~ Re , Q ;2 1 such that J1( Q) = q. By Nakayama's Lemma we get 

R IQ = 0 and so Q 1; AnnRe 1 . Thus fils rt. q. 

(2.11) We end this section by listing some facts from Hochschild cohomology, 
which can be found in [P, Chapter 11]. Let B ~ A be an extension of rings. 
The nth Hochschi1d cohomology functors H;(A, -), n 2: 0, are defined on 
the category of A-bimodules with values in the category of B-modules and have 
the following properties: 

(i) H~(A, M) = M(A) := {x E Mlax = xa for every a E A} for all A-
bimodules M. 

(ii) If M, N are two A-modules then HomB(M, N) is an A-bimodule [the 
left (resp. right) action of A on HomB(M, N) is given as the one induced from 
the action on N (resp. M)] and H~(A, HomB(M, N)) = Hom4 (M, N). 

(iii) H~(A, M) is a factor A-module of DerB(A, M) = HomA(OA/B' M). 
(iv) If A is a projective module over Band 

O----+M'----+M----+M" -to 
is a short exact sequence of A-bimodules then there exist some B-morphisms 
a(n): H;(A, Mil) -t H;+l (A, M'), n 2: 0, such that the following sequence is 



374 DORIN POPESCU 

exact: 
o I 0 0 /I 1 I 

0-+ HB(A, M ) -+ HB(A, M) -+ HB(A, M ) -+ HB(A, M) 
n Inn /I n+ 1 I 

-+ ... -+ HB(A, M ) -+ HB(A, M) -+ HB(A, M ) -+ HB (A, M) -+ .... 

(2.12) Lemma. Let S C R be as in (2.9) and M an R-bimodule. Then 
R 1 ffs . Hs(R, M) = O. 

R R Proof· By Lemma (2.10) we have ffs n R/S = 0 and so ffs .HomR(nR / S ' M) = 
O. Now apply (2.11)(iii). 0 

3. eM-APPROXIMATION 

(3.1) Let R be a CM local ring and a eRa proper ideal. The couple 
(A , a) is a CM-approximation if there exists a function v: N -+ N (called 
CM-function) such that for every sEN, every two MCM R-modules M, 
N and every linear R-map (j): M -+ N/av(S) N there exists a linear R-map 
1fI: M -+ N such that (A/aS) Q9 A (j) ~ (A/aS) Q9 A 1fI, in other words the following 
diagram is commutative: 

VI: 1 
N ---+ N/as N 

But given M, N then there exists v such that for every linear R-map 
(j): M -+ N/aV(S)N there exists a linear R-map 1fI: M -+ N such that (A/a S )Q9 A 

(j) ~ (A/as) Q9 A IfI (this follows from a linear form of the strong approximation 
theorem; see e.g. [Po, (1.5)] which holds in fact in every Noetherian local ring). 
Thus the above definition asks for a unique function for all MCM R-modules 
M, N. 

As we shall see in the next section the CM-approximation plays an important 
role in the proof of (1.3). The aim of this section is to give sufficient conditions 
when (R, Is(R)) is a CM-approximation. 

(3.2) Lemma. Let S c R be an extension of Noetherian rings such that R 
is a finitely generated projective module over S. x an elem2nt from ffsR and 
M. N two finitely generated R-modules such that M is projective over S. Let 
e E N be a positive integer such that Ann.vxc := {z E Nixe z = O} = Annsxe+l 
and SEN. Then for every linear R-map (j): M -+ N/ Xe+s+l N there exists a 
linear R-map 1fI: M -+ N which makes commutative the following diagram: 

M rp N/Xe+s+l N ---+ 

VI' 1 + 
N ---+ N/Xe+' N 
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Proof. Let N' = AnnN x e . We have the following commutative diagram: 
c+s+l 

N/ N' + Xe+s+l N o ----+ N/N' X N/N' ----+ 0 ----+ ----+ 

( 1 ) xl 11 1 
N/N' 

e+.\ 

N/N' N/N' + Xe+5 N o ----+ 
x 

----+ 0 ---+ ----+ 

in which the bases are exact. Indeed if xe+s zEN' for a certain zEN then 
2e+s 0 d 2e+s' I' h f H (M ) x Z = an so Z E AnnN x = N . App ymg t e unctor oms ' -

to (1) we get the following commutative diagram: 
O • , ., , e+s+ 1 

-t Homs(M, N/N ) -t Homs(M, N/N ) -t Homs(.M, N/N + x N) -t 0 
(2) xl II 1 

o -t HomsU\1 . N/N') -t Homs(M, N/N') -t Homs(M, N/N' + x e+s N) -t 0 

where the bases are exact because M is projective over S. Clearly these bases 
are also exact sequences of R-bimodules and applying the Hochschild cohomol-
ogy functors we get the following commutative diagram (see (2.11)(ii)): 
(3) 

HomR(M, N/N') ---+ HomR(M, N/N' +Xe+s+I N ) ---+ Hi(R, Homs(M, N/N')) 

II 1 1x 
HomR(M, N/N') ---+ HomR(M, N/N' +x'+SN) - -+ Hi(R, Homs(M, N/N')) 

in which the bases are exact (see (2.11)(iv)). Since the last vertical map is zero 
by Lemma (2.12) we get a linear R-map 0:: M -t N/N' such that the following 
diagram is commutative: 

M -----'!.--. N / xe+s+ 1 N ----+ N / N' + Xe+s+ 1 N 

(4) n: 
'¥ 1 

N/N' N/N' + x e+5 N 
Note that in the diagram 

M 

1 
(5) M If/ N/N' nxe+s N N/xe+s N - - - - - ~ ----+ 

II 1 1 
M ---+ N/N' ----+ N/N' +xe+s N 

the small square is cartesian and so there exists If! which makes (5) commuta-
tive. 

It remains to show that N' n xC+s N = O. Indeed let yEN' n xe+s Nand 
. e+s e 2e+5 , . zEN wIth y = x z. Then 0 = x y = x Z and so zEN , I.e. y = 

x e+s Z = O. 0 



376 DORIN POPESCU 

(3.3) Lemma. Let B'---+A be a finite flat extension of Noetherian rings, aeA 
an ideal and x E HAl B an element. Then there exists a positive integer r such 
that for every finitely generated A-module N which is free over B 

r r+1 (aN: x ) N = (aN: x ) N 

holds, where (aN: xr) N = {z E Nlxr Z E aN} . 
Proof Step 1. Reduction to the case (a : x) = a. Since A is Noetherian we 
have a' := (a : xn) = (a : x n+ I) for a certain positive integer n. If xy E a' for 

. A h n+1 d I· (' ) I a certam YEt en x yEa an so yEa, 1.e. a: x = a . 
Suppose that r' E N satisfies our lemma for x and a' . Then r = n + r' 

works. Indeed, let N be as in our lemma. If X S Z E aN ~ a' N for some sEN 
,', I r' I "+1 and ZEN then x Z E a N because (a N : x ) N = (a N : x ) N. Thus 

xr Z E xna' N ~ aN. 

Remark. AssA(A/a') = {q E AssA(A/a)lx ~ q}. 
Let a = n~=1 Qi be an irredundant primary decomposition of a, qi := JQ; , 

I I ne Q' k' k . fi qi := qi n B, Qi:= Qi n B, b:= an B = i=1 i and i ~ i the resIdue eld 
extension of Bq; e Aq, • 

Step 2. Case when k; = ki' 1 :::; i :::; e. By Step 1 we may suppose that 
(a : x) = a. Fix an i, 1 :::; i :::; e. Clearly x ~ qi because x is a nonzero 
divisor of A/ a. Then the map Bq' ---+ Aq is etale and so qiAq = q'Aq . Since 

I I I I I 

k; = ki the extension Bq; C Aq, is dense. In particular we have 

B ,/Q'B , ~ A /Q'A q, I q, q, I q, 

and it follows that Q;Aq, = QiAq, . 
We show that r = 0 satisfies this case. Let N be as in our lemma, and 

zEN such that xz E aN. Then Z E QiNq, = Q;Nq,. Thus there exists an 
element Yi E A\qi such that YiZ E Q;N. Since B/q; ---+ A/qi is finite we get 
(YiA) n (B\q;) =F 0. Thus changing Yi by one of its multiples we may suppose 
that Yi E B\q; , i.e. Z E Q;Nq; . Since N is free over B we have 

e 

bN= nQ~N 
j=1 

and Q~N is exactly the q;-primary submodule of N associated to bN. Then 
Nn Q'N, = Q'N and so } q, } 

zENn (QQ;N,:) dN<;aN 
Step 3. Case when there exists a faithfully flat B-algebra C such that for every 
prime ideal q associated to C ® B a in D = C ® B A the residue field extension of 
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Cqnc '-+ D q is trivial. We apply Step 2 to the case C ~ D, aD, x' = liS1X ED. 
Clearly x' E DiSlA HA/B ~ HD / c ' Then there exists r such that for every finitely 
generated D-module N' which is free over C it follows that 

I" ,"+] (aN : x ) N' = (aN : x ) N' . 

Let N be a finitely generated A-module which is free over B and take 
N" = D iSlA N. Then N" is free over C and so we get in particular 

"" "Ir+] (aN : x ) Nil = (aN : x ) Nil . 

But (aN": x") Nil = DiSI A (aN: xr) N' Indeed, (aN: xr) N is exactly the kernel 

of the composed map f: N .:::: N -> N/aN and by flatness Ker(D iSlA f) ~ 
D iSlA Ker f. Thus the inclusion u: (aN: xr) N -> (aN: x r+]) N goes by base 
change in an equality. Since D is a faithfully flat A-algebra we get u surjective 
too. 

Step 4. General case-reduction to Step 3. We need the following 

(3.4) Lemma. Let S ~ R be a finite flat extension of Noetherian rings and 
denote 

dR/S = ,max .L ([k(q): k(q')] - 1), 
q ESpec S qESpec R 

qns=q' 
where k(q) denotes the residue field of Rq . Then dR/S < 00 and dR0sR/R ::; 
d R/S if d R/S > 0, where the structural map R -> R iSIs R is given by y -> Y iSI 1 . 

Applying by recurrence the above lemma we get finally a finite flat B-algebra 
C of the form A iSlE A iSlE'" iSlB A such that dC0BA/C = 0, i.e. k(q n C) = k(q) 
for all q E Spec( C iSI B A). Since a finite flat extension is faithfully flat we are 
ready. 0 

Proof of Lemma (3.4). Let q' E SpecS. Then 

dR/S ,q' = .L ([k(q): k(q')] - 1) < rankk(q,)k(q') iSIs R, 
qESpec R 
qns=q' 

the last number being bounded by the minimal number of generators of Rover 
S. It is enough to show that 

d < d /S ' R0sR/R,q R ,q 
for every q E Spec R lying over q' and such that d R/S ,> O. So by base ,q 

change we reduce the question to the case when S = k(q') =: k. Then R is 
Artinian. Let (ki )] ~ i~e be its residue fields. It is enough to show that 

dk,0,k,lk, ::; dk,lk, ' 1::; i ::; e, dk,0k k,/k, < dk,/k if k =I- k] . 
First inequality is clear because 

1 + dk,0k k,/k, ::; rankk , k] iSlk k i = rankk k i = dk,lk + 1. 
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The equality holds only when k l @k k i is a field. But k l @k k, is not a field so 
the second inequality holds too. 0 

(3.5) Lemma. Let S ~ R be an extension of Noetherian rings such that R 
is a finitely generated projective module over S, x an element from ff/ and 
a ~ R an ideal. Then there exists an increasing function v: N --+ N such that 
for every sEN, for two finitely generated R-modules M, N which are free 
over S andfor every linear R-map rp: M --+ N/(a, xV(s))N there exists a linear 
R -map If/: M --+ N / aN which makes commutative the following diagram: 

1 
N/aN ----+ N/(a, x 5 )N 

Proof. Let r be the integer given by Lemma (3.3) for x and a. Define v by 
v(s) = 1 + max{r, s}. Then given M, N, s, rp as in our lemma we find the 
wanted If/ by applying Lemma (3.2) for x, N = N/aN and e = r. 0 

(3.6) Lemma. Let x = (XI' ... , x,) be a system of elements from a Noethe-
rian ring R such that for every i, 1 :S i :S n, there exists a Noetherian subring 
Si of R such that 

(i) R is finite free over Si' 
(1'1') A;'"R Xi E '/Ys, . 

Then there exists an increasing function v: N --+ N such that for every sEN, 
for two finitely generated R-modules M, N which are free over all (Si)l<i<n 
and for every linear R-map rp: M --+ N/ xIJ(s) N there exists a linear R-~~p 
If/: M --+ N which makes commutative the following diagram: 

/If: 
~ 1 
N ----+ N/xs N 

Proof. Denote bi = (XI' ... , Xi)' i = 1, ... , n. Apply induction on n. If 
n = I then apply Lemma (3.5) for XI and a = O. Suppose now that a function 
v' is given which works for bn_ l • Let sEN and v;' be the function given 

by Lemma (3.5) for xn and a:= b~~si . Define v: N --+ N by v(s) = v' (s) + 
v;'(s). Let M, N be two finitely generated R-modules which are free over all 
(S) and rn: M --+ N/bnll (5) N a linear R-map. Then there exists a linear R-i I :Si:Sn 'f' 
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map a: M -+ N = N/b~~s/ N which makes commutative the following diagram: 

1 
"I 

1 
N/x~N ~ N/(b~~?, x~)N 

Thus there exists a linear R-map lfI: M -+ N which makes commutative the 
following diagram: 

M ~ N~N/b~~~)N -----+ N/(b"'(S) s)N n-I ,xn 

'II: 1 1 '¥ 

N -----+ N/b~_]N -----+ N/b~N 

Clearly lfI also makes (*) commutative. 0 

(3.7) Proposition. Let (R, m) be a reduced complete local CM-ring with a 
perfect residue field k, p := char k and Is(R) the ideal defining the singular 
locus of R. Suppose that for every q E Reg R containing pR the ring Rq/ pRq 
is regular and Is(R) S;;; m. Then (R, Is(R)) is a CM-approximation. 
Proof. Let T S;;; R be the Cohen ring of the residue field k (see (2.3)). By 
Lemma (2.10) and Corollary (2.8) we have 

I,(R) = Lff!r[Xll' 
x 

where the sum is taken over all systems of elements x such that (t, x) forms 
a system of parameters of R. Then we can find a system of elements y = 
(y] , ... 'Yr) in Is(R) such that 

(1) Is(R) = foR, 
(2) for every i = I, ... , r there exists a system of elements xU) of R such 

() R that (t, x I )) forms a system of parameters of Rand Y I E A;-[[X'll . 
Since R is CM the inclusion SI := T[[x U)]] c R is finite flat (so free). Let 

Vi: N -+ N be the function given by Lemma (3.6) for y. If M, N are two 
MCM R-modules then (t, xU)) is a regular M or N-sequence for all i. Thus 
M and N are finitely generated flat over SI' 1::; i ::; r, and so free (see [M], 
(20.C))). 

Now let u be a positive integer such that Is (R)u c y R and note that v given 
by v(s) = uv'(s) works. 0 
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4. CM-REDUCTION IDEALS 

The aim of this section is to extend Proposition (3.7) to noncomplete rings 
and to apply CM-approximation in proving (1.3). 

(4.1) Lemma. Let (A, m) be a Noetherian local ring and a C A an ideal. The 
following statements are equivalent: 

(i) (A, a) is a eM-approximation, 
(ii) (A, Va) is a eM-approximation. 

Proof. Let u be a positive integer such that (/Cit ca. If (i) holds and v: N --+ 

N is the associated CM-function then as in the proof of Proposition (3.7) the 
function 0 given by o(s) = uv(s) works for (A, /Ci). If (ii) holds and 0 is 
the associated CM-function then the function v given by v(s) = o(su) works. 
Indeed, let M, N be two MCM A-modules, sEN and q;: M --+ N/aIJ(S) N 
a linear A-map. Then there exists a linear map If!: M --+ N such that the 
following diagram commutes: 

M ~ N/a()(SU)N ~ N/(/Ci)v(su)N ~ N/asN 

1 
N 

(4.2) Lemma. Let A --+ B be a flat local morphism of eM-local rings and 
a c A an ideal. If (B , aB) is a eM-approximation then (A, a) is too. 
Proof. We claim that the CM-function v associated to (B, aB) works also for 
(A, a). Indeed, let M, N be two MCM A-modules, sEN and q;: M --+ 

N/aIJ(S) N a linear A-map. Then M = B 0 AM, N = B 0 A N are MCM 
B-modules since by flatness 

depth M = depth AM + depth(B /mB) = depth A + depth(B /mB) = depth B 

where m denotes the maximal ideal of A (see e.g. [M2, (23.3)]). Thus there 
exists a linear B-map !jJ: M --+ N such that the following diagram commutes: 

< 1 
N ~ N/asN 

Since M, N are finitely generated modules, the existence of !jJ: M --+ N 
such that the above diagram commutes means in other words that a certain 
linear system of equations L over A has a solution in B. Indeed, let M ~ 
An /(ZI ' ... , ze)' Zi = (zi) I::;j::;n' N = An' /(z~ , ... , z», < = (Z~Il)I::;Il::;n' , 
a = (aI' ... , au) a system of generators of as and q; is given by the matrix 
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(Wj!1)I~j~n, 1~!1~n" Then L has the following form: 
, 

n e 

L Zi~X~!1 = L Yi.< z~!1 ' 1 :S i :S e, 1:S J1 :S n' , 
j=1 .<=1 

, 
11 e 

X j !1-w j !1 = La"U"}!1 + LY;.<z;.!1' l:Si:Sn. 
<>=1 .<=1 

Clearly Ifl gives a solution of L in B. By faithfully flatness L also has a solu-
tion (xiii' Yo. ' Y~;., un}) in A and the matrix (x}!1) defines a map !fI: M --+ N 
such that a diagram as above commutes. 0 

(4.3) Proposition. Let (A, m) be an excellent local eM-ring, p:= char(Alm), 
and Is(A) the ideal defining the singular locus of A. Suppose that 

(i) for every q E RegA containing pA the ring AqlpAq is regular, 
(ii) there exists a flat, reduced noetherian complete local A-algebra (B, n) 

such that 
(iii) (B, n) is eM and its residue field K is perfect, 
(ii2) for every q E Reg A the map Aq --+ Aq IZI A B is regular, 
(iii) Is(A) ~ m. 

Then (A, Is(A)) is a eM-approximation. 

Proof. Let q' E Spec Band q := q' n A. If q E Reg A then Aq --+ Bq' is 
regular by (ii2) and so q' E RegB. Thus if q' ""jJ Is(A) then q' ""jJ Is(B) , i.e. 
Is(B):J Is(A)B. Moreover Is(B) = ,/Is(A)B by Lemma (2.1). 

If q' contains pA then AqlpAq is regular (see (i)). Since AqlpAq --+ 

B q' I p B q' is regular by base change we get B q-/ p B q' regular too. Applying 
Proposition (3.7) to (B, n) we note that (B, Is(B)) is a CM-approximation. 
By Lemma (4.1) (B, Is(A)B) is a CM-approximation and so (A, Is(A)) is too 
(see Lemma (4.2)). 0 

(4.4) Theorem. Let (A, m) be a reduced excellent local eM-ring, k:= Aim, 
p := char k and Is(A) the ideal defining the singular locus of A. Suppose that 

(i) [k: e] < 00 if p > 0, 
(ii) for every q E RegA containing pA the ring AqlpAq is regular, 

(iii) Is(A) ~ m. 
Then (A, Is(A)) is a eM-approximation. 

Proof. If k is perfect then apply Proposition (4.3) for B = A the completion 
of (A, m) (the map A --+ A is regular because A is excellent and A is reduced 
because A is so). 

1/ oc If k is not perfect let K = k P and let P be its prime subfield. Then 
from the exact sequence 
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we get rankK r K/k ::; rankk 0k/P = rankk 0k/kP < 00, where r K/k denotes the 
imperfection module [Ml' (39.B)]. 

Using [EGA, (22.2.6)] or [NP, Corollary (3.6)] there exists a formally smooth 
Noetherian complete local A-algebra (B, n) such that 

(I) B/n~K, 
(2) dim B = dim A + rankK r K/k . 

Then the structural morphism A -+ B is regular by Andre-Radu's Theorem 
(see [An, BR I , BR2]) because A is excellent. Moreover B is a reduced CM-ring 
by [Ml' (33.B)]. Now apply Proposition (4.3). 

(4.5) Lemma. Let (A, m) be a Noetherian henselian local ring and a c A 
an ideal. Suppose that (A, a) is a CM-approximation. Let 1/: N -+ N be its 
CM-function and r = 1/(1). Then an MCM A-module M is indecomposable iff 
M/ar M is indecomposable over A/ar . 

Proof (inspired by [Y, (2.10)]). Clearly M / ar M is decomposable if M is so 
(use Nakayama's Lemma). If M is indecomposable then EndA(M) is a local 
A-algebra, A being henselian. Let f be an idempotent from EndA(M/ar M) . 
Then there exists a linear A-map g: M -+ M such that g := (A/a) Q9 g = 
(A/a) Q9 f (1/ is a CM-function). Clearly g is an idempotent. Since EndA(M) 
is local the sub-A-algebra 

{(A/a) Q9 hlh E EndA(M)} c EndA(M/aM) 

is local too. Thus g = 0 or g = I. Then a· (M/a r M) contains either Imf 
or Im( I - f). Since J is idempotent we get either 1m f = 1m f' = 0 or 
Im( I - f) = Im( I - f)r = o. Thus f = 0 or f = I. 0 

(4.6) Lemma. Conserving the hypothesis and the notations from (4.5), let M, 
N be two MCM A-modules such that M (resp. N) is indecomposable and 
h: M -+ N is a linear A-map. Suppose that (A/ ar ) Q9 A h has a retraction (resp. 
section). Then h has a retraction (resp. section). 
Proof. Since (A, a) is a CM-approximation there exists a linear A-map 
g: N -+ M such that (A/a) Q9 g is a retraction (resp. section) of (A/a) Q9 h. 
Then Im(1 - gh) <;:;; aM (resp. Im(1 - hg) <;:;; aN). Since EndA(M) (resp. 
End A (N)) is a local ring we get g h = I - (I - g h) (resp. h g) bijective. Thus 
h has a retraction (gh)-I g (resp. a section). 

(4.7) Let b be an ideal in a Noetherian local ring (B, n). Then b is a CM-
reduction ideal if the following statements hold: 

(i) An MCM B-module M is indecomposable iff M /bM is indecomposable 
over B/b. 

(ii) Two indecomposable MCM B-modules M, N are isomorphic iff M/bM 
and N /bN are isomorphic over B /b . 

Note that our CM-reduction ideal is not necessarily n-primary as in [D]. If 
b is a CM-reduction ideal of B then bS is also one for every sEN. 
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(4.8) Theorem. Let (A, m) be a reduced excellent henselian local CM-ring, 
k:= Aim, p:= chark and Is(A) the ideal defining the singular locus of A. 
Suppose that 

(i) [k: e] < oc if p > 0 , 
(ii) for every q E Reg A containing pA the ring AqlpAq is regular, 

(iii) 15(A) <;;; m. 

Then there exists a positive integer r such that Is(A)r is a CM-reduction ideal 
of A. 

The proof follows from Lemmas (4.5) and (4.6). 
Let nA be the cardinal of the isomorphism classes of indecomposable MCM 

A-modules. 

(4.9) Corollary. Conserving the notations and hypothesis of Theorem (4.8) let 
B be the completion of A with respect to Is(A). Then 

(i) An MCM A-module M is indecomposable iff B Q9 A M is an indecompos-
able MCM B-module 

(ii) Two indecomposable MCM B-modules M, N are isomorphic iff BQ9 AM, 
B Q9 A N are isomorphic over B . 

In particular n A :S n B . 

Proof. (i) By Theorem (4.8) there exists r E N such that Is(A)r is a CM-
reduction ideal of A. Let M be an indecomposable MCM A-module. Then 
B Q9 A M is an MCM B-module by flatness and M := MI Is(A)r M is in-
decomposable over A := AIIs(A)r. Since A ~ B I Is (A)' B it follows that 
(B Q9 A A) Q9 A M is indecomposable over B Q9 A A and so B Q9 A M is inde-
composable too. 

Conversely if B Q9 A M is an indecomposable MCM B-module and x is a 
system of parameters in A then x is a (B Q9 A M)-regular sequence. Since 
A ~ B is faithfully flat it follows that x is an M-regular sequence, i.e. M is 
an MCM A-module. Clearly M must be indecomposable because B Q9 A M is 
so. 

(ii) If B Q9 A M ~ B Q9 A N then B Q9 A M ~ B Q9 A N and so A Q9 A M ~ A Q9 AN. 
Thus M ~ N because Is(A)r is a CM-reduction ideal of A. 0 

(4.10) Corollary. Let (A, m) be a reduced excellent henselian local CM-ring, 
k := Aim and p := char k. Suppose that 

(i) A is an isolated singularity, i.e. m = Is(A) , 
(ii) [k: e] < oc if p > 0, 

(iii) for every q E RegA containing pA the ring AqlpAq is regular. 

Then n A :S n A' where A is the completion of (A , m) . 

Remark. When k is perfect and pA = 0 then Corollary (4.10) IS an easy 
consequence of [Y, (2.10), (2.12); Po, (1.3)] (see our (5.6)). 
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(4.11) Corollary. Let (A, m) be a reduced excellent henselian Gorenstein local 
ring. Suppose that 

(i) A is an isolated singularity of equal characteristic, 
(ii) k:= Aim is algebraically closed and char k i= 2, 

(iii) the completion A is a simple hypersurface singularity. 
Then A is of finite CM-type, i.e. A has just a finite set of isomorphic classes of 
indecomposable MCM A-modules. 

The proof foIIows by [GK, K, BGS] and our (4.10). 

5. BOUNDED MULTIPLICITY CM-TYPE 

(5.1) This section is devoted to an extension of (1.2). First we list some defi-
nitions and facts from the Auslander-Reiten theory for the MCM modules (see 
[Au3, ARp P, Ya; Y Appendix)). 

Let (A, m) be a hensel ian local CM-ring and M, N two indecomposable 
MCM A-modules. A linear A-map f: M -+ N is irreducible if f is not an 
isomorphism and given any factorization f = gh in the category CM(A) , g 
has a section or h has a retraction. The AR-quiver of A is a directed graph 
which has as vertices the isomorphic classes of indecomposable MCM modules 
over A and there is an arrow from the isomorphic class of M to that of 
N provided there is an irreducible linear map from M to N. A chain of 
irreducible maps from M to N is a sequence of irreducible linear maps: 

M f; M In M 
o~ 1~"'-+ n 

with aII M; indecomposable MCM A-modules; n is called the length of the 
chain. If A is an isolated singularity then the AR-graph of A is locally finite, 
i.e. each vertex may be incident to only a finite number of other vertices (see 
[Au2, AR2, Y, (A.18)]) 

The following two lemmas are just variants of [Y, Lemmas (3.1), (3.2)] or 
[D, §1]. 

(5.2) Lemma (Harada-Sai lemma for MCM-modules). Let n be a positive in-
teger, M;, 0:::; i :::; 2n , some indecomposable MCM A-modules and 1;: M;_l -+ 

M;, 1:::; i:::; 2n , some nonisomorphic linear A-maps. Suppose that 
(i) m' is a CM-reduction ideal of A for a certain r EN, 

(ii) length(M)m'M;):::; n, 0:::; i:::; n. 

Then (Aim') ® (h" 0 ... 0 ~) = O. 

The proof follows easily from [HS, Lemma 12] and our Lemma (4.6). 

(5.3) Lemma. Let n be a positive integer, M, N two indecomposable MCM 
A-modules and rp: M -+ N a linear A-map. Suppose that 

( 1) m' is a CM-reduction ideal of A for a certain r EN, 
(2) (Aim') ® rp i= 0, 
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(3) there is no chain of irreducible maps from M to N of length < n which 
is nontrivial modulo m' . 

Then 
(i) There exist a chain of irreducible maps 

M = Mo .i M, ----+ ..• !::. Mn 

and a linear A-map g: Mn --+ N such that (A/m') 0 (g 0 fn 0 ... 01;) =I- O. 
(ii) There exist a chain of irreducible maps 

N ~N --+ ... ~No=N n n-' 

and a linear A-map f: M --+ Nn such that A/m' 0 (g, 0 ... 0 gn 0 f) =I- O. 

The proof follows as in [Y, (3.2)]. 

(5.4) Theorem. Let (A, m) be a reduced excellent henselian local CM-ring, k := 
A/m, p := char k, r the AR-quiver of A and rO a connected component of r . 
Suppose that 

(i) A is an isolated singularity, 
(ii) rO is of bounded multiplicity type, i.e. there exists n E N such that all 

indecomposable MCM modules M whose isomorphic classes are vertices 
in rO hold, e(M) :s: n. 

(iii) [k: e] < 00 if p > 0 , 
(iv) for every q E Reg A containing pA the ring Aq/pAq is regular. 

Then r = rO and r is a finite graph. In particular A is of finite CM-type. 
Proof(inspired from [Y, (3.3)]). By (i) we have Is(A) = m and it follows that 
m' is a CM-reduction ideal of A for a certain r E N (see Theorem (4.8)). 
Let x be a system of parameters of A and M an MCM A-module. By [M2' 
( 14.11 )] we have 

lengthA(M/xM) = e(xA, M) 

because x is an M-regular sequence. Let u E N be such that mU ~ xA. By 
[M2' (14.3), (14.4)] we get 

U d e(xA, M) :s: e(m ,M) = e(M)u , 

where d = dim A. Choosing x in m' it follows that 

(1) r d length., (M/m M) :s: e(M)u . 

Let JI be the class of all MCM A-modules whose isomorphic classes are 
vertices in rO. Using (1) we get 

, d f (2) length4 (M/rn M) :s: s = nu = constant or every ME.L. 

Let M, N be two indecomposable MCM A-modules and f: M --+ N a 
linear A-map such that (A/m') 0 f =I- O. If M E.L then there is a chain of 
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irreducible maps from M to N of length < t := 25 which is nontrivial modulo 
m' . Otherwise there exists a chain of irreducible maps as in Lemma (5.3)(i) 

II J; M = Mo --+ AIl --+ ... --+ M t 

and a linear A-map g: Mt --+ N such that A/mr 0 (g 0 f; 0 ... 01;) =1= O. Then 
A/m' 0 u; 0'" 0 II) =1= 0 which contradicts Lemma (5.2) (the Mi are all in r 
because rO is conex and apply (2)). In particular we get N E L . Conversely if 
N E L then a dual argument (using (5.3)(ii) instead of (i)) shows that MEL 
and there exists a nontrivial chain of irreducible maps from M to N of length 
< t. 

If M is a finitely generated A-module there exists a linear A-map I: A --+ M 
such that (A/mr) 0 I =1= 0 (choose x E M\mM and take I(a) = ax). If 
MEL then A E L. Moreover if M is an indecomposable A-module then 
MEL because A E L. Thus rO = r. Since r is locally finite and every 
module from L can be connected with A by a chain of irreducible maps of 
length < t we conclude that r is finite. D 

(5.5) Remark. When A is Artinian then our theorem is a consequence of [R, 
Au l ]. When A is complete, pA = 0 and k is perfect then our theorem follows 
from [Y, (1.1)]. 

(5.6) Remark. Another possible approach to study the CM-type is to use Artin 
approximation theory (see [Ar, Po]). Let (A, m) be a Noetherian local ring with 
the property of Artin approximation (shortly A is an AP-ring), i.e. for every 
finite system of polynomial equations lover A , every sEN and every formal 
solution y of I in the completion A of A there exists a solution y of I in 
A such that y == y mod mS A. Let M, N be two finitely generated A-modules. 
If A is an AP-ring then 

(i) M is indeco~posable i~ A 0 A M is so, 
(ii) M ~ N iff A 0 A M ~ A 0 A N. 

For the proof note that the question can be expressed by the compatibility 
of some systems of polynomial equations over A (as in the proof of (4.2); but 
this time the equations are not linear). In particular the CM-type of A is finite 
if the CM-type of A is so. Since excellent henselian local rings are AP (see [Po, 
Theorem (1.3)] we note that our Theorem (5.4) follows from [Y, (1.1)] when k 
is perfect and pA = O. 
Added in proof. The inequalities from (4.9) and (4.10) are in fact equalities 
by Elkik's algebraization theorem and (4.11) holds also when char k = 2 (for 
details see, INCREST Preprint 57/1988). 
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